We consider Lorentz invariant scalar-tensor teleparallel gravity theories with a Lagrangian built from the torsion scalar, a scalar field, its kinetic term and a derivative coupling between the torsion and the scalar field. The field equations of the theory are derived and the relation between the spin connection and the antisymmetric part of the tetrad field equations is found explicitly, which is an important consistency result for Lorentz invariant teleparallel theories of gravity. Afterwards we study the behaviour of this class of theories under conformal transformations and find that such transformations map different theories in this class onto each other.
I. INTRODUCTION
The observation of accelerating phases in the early and late universe [1] [2] [3] , which is not explained by pure general relativity (GR) without the assumption of either a cosmological constant or additional matter besides the directly observed visible matter, has led to the development of a plethora of modified gravity theories aimed at explaining these observations [4] [5] [6] .
A particular interesting class of such theories, which has been studied in the recent years, are the so called modified teleparallel theories of gravity. In the teleparallel approach gravity is attributed to torsion, with the fundamental fields given by a tetrad and a flat spin connection, instead of to curvature, with a metric as the fundamental field [7] [8] [9] . Nowadays it is well known that general relativity can equally well be formulated in both frameworks [10] . Modifications of general relativity formulated in the either or the other approach however differ in their mathematical structure as well as in their phenomenological predictions. One prominent modification is the non-minimal coupling of a scalar field either to the curvature [11, 12] or to the torsion [13] [14] [15] [16] [17] [18] .
The question arises whether different instances of scalar-curvature, known as scalar-tensor theories of gravity, or scalar-torsion theories can be related to each other by performing a scalar field dependent conformal transformation of the metric respectively the tetrad, possibly combined with a redefinition of the scalar field. This question has been studied for different classes of scalar-curvature theories [19] [20] [21] , while for scalar-torsion theories only few studies exist [22, 23] .
This article is the second out of a series of three articles which aims to answer this question. In the first article [24] we discussed scalar-torsion theories of gravity, where the sole restriction we imposed was that the theory is invariant under local Lorentz transformations and that there is no direct coupling between matter fields and the spin connection. Apart from that an arbitrary coupling of a scalar field to all other dynamical variables was considered. In particular the behaviour of this most general class of scalar-torsion theories under the aforementioned conformal transformations was investigated. We found that conformal transformations of the tetrad and corresponding redefinitions of the scalar field map scalar-torsion theories onto each other. For more restricted classes of theories, for example those which are specifically based on the torsion scalar used in the teleparallel equivalent of general relativity (TEGR), there exists an obstruction on such transformations to map the theories of the chosen class onto each other. The reason for this difficulty is that under conformal transformations additional kinetic coupling terms appear [22, 23] . This can be circumvented by using a different, conformally invariant contraction of the torsion tensor, in analogy to Weyl gravity [25] , or by including the kinetic coupling terms into the action. In this article we choose the latter approach.
In the present paper we restrict the general considerations of the previous paper to a newly introduced and more narrow class of theories, whose gravitational Lagrangian L(T, X, Y, φ) is a free function of four scalar terms: the torsion scalar T , a scalar field φ, its kinetic term X and a derivative coupling between the torsion and the scalar field Y . Henceforth we call such theories L(T, X, Y, φ)-theories. This class of theories has a number of relevant and interesting subclasses and examples, which includes teleparallel dark energy [13] [14] [15] [16] [17] [18] , scalar-torsion gravity without derivative coupling [26] or conformally coupled scalar-torsion gravity [22] . A specifically interesting subclass, whose action is very similar to that of scalar-tensor theory, will be discussed in the third and final part of this series [27] . Our work makes use of the covariant formulation of scalar-torsion formulation of scalar-torsion gravity [26] , which is based on the covariant formulation of teleparallel gravity in terms of a tetrad and a flat spin connection, which has to be varied separately [28, 29] .
After the more technical study of general scalar torsion theories in our previous work [24] we now apply the techniques developed there to the aforementioned L(T, X, Y, φ) subclass of scalar-tensor theories. In particular we will derive the field equations of the theory, study their relation and obtain the important consistency result for Lorentz invariant teleparallel theories of gravity explicitly. We show that the anti-symmetric part of the tetrad field equation is equal to the equations of motion of the spin connection. This feature was shown for various modified and extended theories of teleparallel gravity [26, 29, 30] and keeps to hold in scalar torsion theories.
As already mentioned, it is an important feature of the previously studied class of scalar-torsion theories that conformal transformations of the tetrad relate different theories to each other, which are contained in the same generic class [24] . We study the transformation behavior of the scalar quantities T , X, Y and φ to show that conformal transformations map similarly different L(T, X, Y, φ)-theories onto each other, so that also this class is closed under these transformations. In particular this means that a conformal transformation does not introduce new terms in the Lagrangian which can not be expressed in terms of these scalars derived from the transformed tetrad.
The outline of this article is as follows. In section II we define all notions and tensors needed to write down the gravitational action we study throughout this article. Afterwards in section III we discuss how the variation of the action can be performed, before we display the equations of motion for the fundamental fields in section IV. In section V we study the behavior of the theory under conformal transformations. We display examples found in the literature, which belong to the class of theories we discuss, in section VII, before we finally conclude in section VIII. We supplement our work with two appendices, in which we derive the field equations of the studied class of gravity theories: using differential forms in appendix A, as well as using components in appendix B.
II. DYNAMICAL FIELDS AND ACTION
We start our discussion of the L(T, X, Y, φ) class of scalar-torsion gravity theories by defining their dynamical fields and the general form of the action functional. As usual in teleparallel gravity theories in their covariant formulation the dynamical variables are given by a coframe field θ a = θ a µ dx µ and a flat spin connection
µ ; in addition, we also consider a scalar field φ. The frame field dual to the coframe field θ a will be denoted e a = e a µ ∂ µ . Note that the coframe field induces a metric
and we use the sign convention η ab = diag(−1, 1, 1, 1) for the Minkowski metric. We denote quantities related to the flat spin connection with a bullet (•), while those related to the Levi-Civita connection
• ∇ µ will be denoted with an open circle (•). This in particular applies to the torsion tensor of the flat spin connection
The action we consider throughout this article is composed from four scalar functions of the dynamical fields. We start by defining the torsion scalar, which is given by
where we also introduced the superpotential
which is a linear function of the torsion. We further define the kinetic term of the scalar field as
as well as the derivative coupling term
Finally, the fourth scalar quantity will be the scalar field φ itself. The gravitational part of the action is then defined through the most general Lagrangian depending on these four scalar quantities,
where the volume form is given by
Note that the action (7) is invariant under combined local Lorentz transformations of the tetrad and the spin connection,
We further consider a matter action of the form
which we also assume to be locally Lorentz invariant. It thus in particular follows that the action we use in this article belongs to the class of actions we studied in our previous work [24] .
III. VARIATION
In order to derive the field equations, we will need the variation of the gravitational and matter action. We start with the matter action, whose variation we now write in the form
The variation of the action (7) takes the form
where subscripts denote derivatives with respect to the corresponding argument of L. In order to derive the field equations, we need to calculate the variations of the scalar quantities which appear in the action (7) with respect to the dynamical fields. We begin with the torsion scalar, whose variation can most conveniently be written in the form
where we introduced the Fock-Ivanenko derivative
For the scalar field kinetic term we find the variation
while the variation of the derivative coupling term yields
With these variations we can now derive the field equations. We defer their derivation to the appendix, and directly proceed with showing the results.
IV. FIELD EQUATIONS
Using the action detailed in the preceding section, we are now in the position to derive the corresponding field equations of the class of theories we consider in this article. Since the derivation of these field equations is rather lengthy, we defer it to the appendix; a version using differential forms and our formerly obtained results [24] is shown in appendix A, while a derivation in components is presented in appendix B. Both calculations yield the same result, as one would expect.
From the variation of the action with respect to the coframe field θ a µ we obtain the tetrad field equation
Alternatively, one can also lower the upper free index, and transform the free Lorentz index into a spacetime index by using the coframe field. This yields the equation
where we have also used the symmetry Θ [µν] = 0 of the energy-momentum tensor. It is convenient to split these equations into their symmetric and antisymmetric parts. The symmetric part is then given by
whereas the antisymmetric part reads
Note that the latter agrees with the field equations derived by a restricted variation with respect to the spin connection, which takes into account the flatness of the spin connection. Finally, variation with respect to the scalar field yields the equation
which completes the set of gravitational field equations. We remark that these are complemented by a set of matter field equations, which read ̟ I = 0.
V. CONFORMAL TRANSFORMATIONS
Using the action and field equations derived in the previous sections, we now come to the discussion of conformal transformations. The aim of this section is to show that the class of scalar-torsion theories we consider here retains its form under a conformal transformation of the tetrad and a redefinition of the scalar field of the form
For this purpose we need to calculate the transformation behavior of the four scalar quantities introduced in section II, which can be derived from the transformation of the torsion, contortion and superpotential tensors, which read
where we keep in mind that f and γ are functions of the scalar field φ. Note that indices on the transformed (barred) tensors must be raised and lowered using the corresponding metricḡ µν = e 2γ g µν . It then follows that the scalars in the action transform as
Remarkably the conformal transformation of the tetrad and the spin connection yields that the scalar quantities T ,X,Ȳ andφ all become functions of the corresponding scalars T, X, Y and φ of the untransformed tetrad, without any further terms appearing.
With the transformation behaviour obtained we now consider a new, different action functionalS, which has the same structure as the original action introduced in section II, but with a different gravitational LagrangianL in its gravitational partS g and different matter partS m . We then evaluate this new action at the transformed fields,
Substituting the original fields for the transformed fields using the transformation rules (22) , and hence also the rules (24), we find that the new action reproduces the original action,
if and only if their gravitational Lagrangians are related by
while the matter actions must satisfy
Thus, we see that the action retains is form. It follows that the class of theories we consider in this article is closed under conformal transformations of the tetrad and redefinitions of the scalar field, i.e., by applying a transformation of the form (22) to the field variables and a corresponding transformation of the action as shown above, we obtain another theory belonging to the same class. Further, note that the variations of the transformed variables are given by
This allows us to write the variation of the matter partS m of the transformed action in terms of the original variables,
By comparison with the variation (11) of the original matter action one thus finds that the matter terms in the field equations transform as
Finally, lowering the upper index and transforming the Lorentz index into a spacetime index using the corresponding tetrads on each side of the first equation allows rewriting the transformation of the energy-momentum tensor and its trace as
These relations, together with the transformation (27) of the Lagrangian, allow a transformation of the field equations detailed in section IV. A lengthy, but straightforward calculation shows that they are indeed invariant under this transformation. This concludes our discussion of conformal transformations, and also of scalar-torsion theories with a single scalar field. Most of the results we obtained can easily be generalized to theories with multiple scalar fields. This will be done in the next section.
VI. GENERALIZATION TO MULTIPLE SCALAR FIELDS
In the previous sections we have considered a single scalar field coupled to torsion. It is not too difficult to generalize our considerations to an arbitrary number of scalar fields by the introduction of convenient notations. The numerous terms which then appear in the gravitational Lagrangian can thereby be written in an comprehensive way, as we will discuss in detail in section VI A. The generalized field equations are shown in section VI B. Finally, we discuss conformal transformations and scalar field redefinitions with multiple scalar fields in section VI C.
A. Dynamical fields and action
Recall that we defined two functions X and Y containing derivatives of the scalar field by the relations (5) and (6) , which enter the gravitational part of the action. In a theory with multiple fields these terms can be generalized. Introducing the definitions
we can write all possible terms appearing in a compact comprehensive way. We then allow for the gravitational action (7) to depend on all of these terms, all scalar fields and the torsion, such that it takes the form
In addition the matter action is now allowed to depend on all scalar fields. As a result, its variation (11) now takes the more general form
The variation (12) similarly generalizes and takes the form
Particular care must be given to the term L X AB δX AB , since by definition X AB is symmetric, X
[AB] = 0, and so its components are not independent. Hence, the derivative of L should not be interpreted as an ordinary derivative with respect to the components of X AB , but as a variational derivative in the sense
Note in particular that L X AB inherits the symmetry from X AB , such that L X [AB] = 0.
B. Field equations
With these definitions in place it is now straightforward to derive the field equations. We omit the derivation here for brevity, and provide the field equations in their final form only, decomposed into symmetric and antisymmetric parts. For the symmetric part (19) we find
while the antisymmetric part (20) reads
and the scalar field equations take the form
Here we have used the aforementioned symmetry of L X AB in order to suppress symmetrization brackets around the scalar field indices. Due to the introduction of the terms X AB and Y A the field equations look formally very similar to the equations obtained in the one scalar field case.
C. Conformal transformations
Finally, we also return to the discussion of invariance of this class of theories under conformal transformations of the tetrad and scalar field redefinitions, which are of the form
in the case of multiple scalar fields. For this purpose, we need to generalize the transformation behavior (23) of the torsion, contortion and superpotential tensors, which reads
This further yields the transformations (24) of the scalar terms in the action, which is now given bȳ
We see that also in this case the four scalar functions which enter the Lagrangian show a closed transformation behavior, in the sense that after the conformal transformation, they can be expressed as functions of each other and no new terms appear. Hence, it follows that under the transformation (41) the action (34) retains its form, in the same way as for a single scalar field.
As a final remark observe that the transformation of the matter terms in the field equation, which are derived from a variation of the matter action, follow a similar set of rules as in the case of a single scalar field. The only difference from the transformation behavior (31) and (32) arises from the fact that the scalar field source term ϑ A now carries a scalar field index, and so the transformation law becomes
while the remaining transformation laws change only implicitly due to the fact that the conformal transformation parameter γ now depends on all scalar fields. This concludes our general discussion of (multi-)scalar-torsion theories. In the next section we will connect our results to a number of specific examples and subclasses of theories studied elsewhere in the literature.
VII. EXAMPLES
After discussing general aspects of the class of L(T, X, Y, φ) gravity theories discussed in this article, we now connect our results to a few classes of gravity theories which are being discussed in the literature, and have peculiar properties. In section VII A we consider the case in which the scalar field is conformally coupled. Further, in section VII B we consider a class of theories which is constructed in analogy to scalar-tensor gravity, so that both have many aspects in common. Finally, in section VII C we discuss a recently studied class of theories without derivative couplings.
A. Conformally coupled scalar field
In analogy to theories based on the curvature of the Levi-Civita connection, one may discuss a class of theories in which the scalar field is conformally coupled [22] . The action of these theories can be written in the form
and their cosmology has been studied in the literature. The peculiar property of this class of models is the fact that they are invariant under a simultaneous conformal transformation of the tetrad and rescaling of the scalar field.
B. Scalar-torsion analogue of scalar-tensor gravity
A particularly interesting subclass of the class of gravity theories we studied in this article is given by a Lagrangian L(T, X, Y, φ) that is linear in its first three arguments, while keeping an arbitrary dependence on the scalar field φ. The action can then be brought to the form
with free functions A, B, C, V of the scalar field defining the gravitational part of the action. For the matter part of the action we consider a coupling of the matter fields to a conformally related tetrad, which is defined through another free function α. One can show that this action retains its form under conformal transformations, so that one can study a number of different conformal frames; however, this would exceed the scope of this article, and so we defer the full investigation of these aspects to another work [27] .
C. Scalar-torsion theory without derivative couplings
Another interesting subclass is obtained if one allows for an arbitrary coupling between the torsion scalar and the scalar field, but restricts the Lagrangian to be linear in X and independent of Y , hence disallowing derivative couplings. If one further disallows a direct coupling between the scalar and matter fields, one obtains an action of the form
A peculiar aspect of this class of theory is the fact that the connection field equations (20) take a simple form, which is similar to that of f (T ) gravity, and which allows for a number of generic solutions for the spin connection, which is independent of the functions f and Z; see [26] for a detailed discussion.
VIII. CONCLUSION
In this second article on scalar-torsion theories we applied the general formalism developed in [24] to the class of theories which is built from the torsion scalar, a scalar field, its kinetic term and a derivative coupling between the torsion and the scalar field. This class includes interesting models studied in the literature, as we discussed in section VII, and extends the analysis of such models to the most general possible Lagrangian which can be written down with the variables mentioned.
For this class of extended theories of gravity we derived the field equations presented in section IV, which we derived by two methods: in differential form language as well as in coordinate components. The field equations (19) , (20) and (21) demonstrate explicitly, what was proven on general abstract ground in the previous paper of this series, namely how the variation of the action with respect to the tetrads is connected to the variation of the action with respect to the spin connection. The spin connection equation of motion is the anti-symmetric part of the tetrad equation of motion and only those pairs of spin connection and tetrads which solve both field equations can be considered as solution of the theory.
An important feature of gravity theories including a non-minimal coupled scalar field is their behaviour under conformal transformations of the metric, here the tetrad, with a function depending on the scalar field. We found the transformation behaviour of the constituents of the gravity action in V and remarkably they can be expressed as function of the same set of scalars obtained from the conformally transformed tetrad. This means starting from a gravity theory defined by a Lagrangian depending on the torsion scalar, a scalar field, its kinetic term and a derivative coupling between the torsion and the scalar field, the theory is still of this type in terms of the transformed fields after a conformal transformation. However the Lagrangian as function of the fields changes throughout this process and so conformal transformations relate different scalar-torsion theories to each other.
All results presented in this article were derived in detail for scalar-torsion theories containing one scalar field. With the introduction of a suitable counting index which allows to define convenient shorthand notations in section VI we could easily generalize all obtained results to multiple scalar fields coupled to each other and to the torsion. All of our findings from the single scalar field carry over to the multiple scalar field considerations.
In summary this paper demonstrates explicitly how the theoretical framework developed in [24] builds the ground for the analysis of Lorentz and diffeomorphism invariant scalar-torsion theories, which makes these theories available as viable alternatives to scalar-tensor theories formulated in terms of the metric.
On From the phenomenological point of view, the next steps are to derive observables from this class of theories to find viability constraints on the Lagrangian in consideration. On cosmological scales dark energy phenomenology is one source of relevant observables. Particular classes of theories discussed here will be addressed in the context of cosmology in the next article of this series [27] . Further constraints every modified or extended theory of gravity has to pass are the PPN constraints obtained in the solar system.
Moreover it will be most exciting to derive the propagation of gravitational waves in this class of theories and to compare their propagation speed with the speed of light, whose equal speed was recently confirmed.
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The 3-forms Σ a and the 4-form Ψ are obtained from the variation of the matter action. The further differential forms appearing can be obtained by writing the variation of the gravity action (7) as
where Υ a are 3-forms, Π a are 2-forms and Φ is a 4-form. To identify these differential forms observe that in a first step the variation of action is
where subscripts on L denote partial derivative of L with respect to the subscript. Further expansion of the variation can be done by using the equations (3), (5), (6) and (8) which define T, X, Y, φ and vol θ . Moreover it is useful to express the torsion scalar in terms of the local and linear gravitational constitutive relation (or supermetric) [30] [31] [32] [33] 
Denoting the interior product between vectorfields X and differential forms Ω as ι X Ω we find
Collecting all terms the variation of the action becomes
To bring the variation of the action into the form (A4) we apply the product rule for the interior product ι X (α ∧ β) = ι X α ∧ β + (−1) p α ∧ ι X β for α being a p-form, to the differential forms in the above equation and use integration by parts to find
In this form we can easily read off the desired differential forms
which define the field equations (A1), (A2) and (A3). In the last line we used that
The first equality is due to the fact that Q b ι e b vol θ has no free Lorentz indices, the second uses that In this appendix we show how the field equations discussed in section IV can be derived using components with respect to a coordinate basis. We split the derivation into several steps. We derive the tetrad field equation (17) and its equivalent form (18) in section B 1, the connection field equation (20) in section B 2 and the scalar field equation (21) in section B 3. Finally, in section B 4 we decompose the tetrad field equations into their symmetric and antisymmetric parts, and show that the antisymmetric part reproduces the connection field equations.
Tetrad field equations
We start with the derivation of the tetrad field equations (17) . For this purpose we write the variation of the action (7) in the form
In order to eliminate the Fock-Ivanenko derivative on the variation of the tetrad, we make use of the integration by parts formula
Integration by parts thus yields the variation
which immediately yields the field equations (17) . By lowering the upper index and transforming the Lorentz index into a spacetime index using the coframe field, one obtains the equivalent field equations (18).
Connection field equations
In order to derive the connection field equations (20) , it is most convenient to make use of the relation
between the Ricci scalar of the Levi-Civita connection and the teleparallel torsion scalar. Since the Ricci scalar and the connection coefficients of the Levi-Civita connection are independent of the teleparallel spin connection
• ω a bµ , we find that the variation can be written as
Further, note that the only allowed variations of the spin connection are of the form δ
with π (ab) = 0, in order to preserve the flatness of the spin connection. Thus, we can write the variation of the action as
We now rewrite the partial derivative on L T as a teleparallel covariant derivative, and make use of the integration by parts formula
in order to eliminate the Fock-Ivanenko derivative on the variation term. This yields the variation
Keeping in mind that π ab is antisymmetric, we find that the connection field equation is the antisymmetric part of the expression in square brackets. It can further be simplified by using the relation
for the commutator of teleparallel covariant derivatives on a scalar function. The field equations can then finally be written as
These are the field equations (20).
Scalar field equation
Variation with respect to the scalar field yields
where we have applied integration by parts to obtain the last line. The scalar field equation thus reads
We see that we obtain the scalar field equation (21).
Relation between field equations
We finally decompose the tetrad field equations (18) into their symmetric and antisymmetric parts. The symmetric part (19) is straightforward to derive by making use of the relation
Therefore, we focus on the antisymmetric part, which reads
For the first term we find
Further, we calculate 
where we have used the facts that the Levi-Civita connection has vanishing torsion and the teleparallel connection has vanishing curvature, which can be expressed as
Hence, we obtain
so that the antisymmetric part of the field equations finally reduces to
This is simply the connection field equation (20) .
